Relativistic spin particles are approached from the stand point of Hamiltonian actions of Poincaré group on itself. The several possible solutions are classified and realizations are given in terms of Dirac's constraints formalism.
Introduction
In 1] the dynamics of classical spin particles was approached on the basis of simple kinematical postulates that were some extension of rigid body kinematics. The role associated in other approaches like 3] with the so-called \inner space" of the classical particle was embodied in three mutually orthogonal spacelike axes belonging to the comoving space. So the phase space was a submanifold of the cotangent space of the Poincar e group that was de ned by three nonholonomous constraints, which basically require the momentum of the particle to be proportional to the time column of a Lorentz matrix.
Intuitive as it may be, this formulation is too restrictive. Indeed, as a consequence of the constraints, only positive mass particles can t into it and both massless particles and tachyons are rejected from the very beginning.
Furthermore, in 1] there was rather wide class of dynamics permitted by the requirement that a spin particle is described by a Poincar e invariant Hamiltonian system. It was only reduced by assuming the condition of spherical symmetry (which was introduced by hand) in such a way obtaining the expected result, namely, that the Hamiltonian should only depend on the two Casimir functions 5] of the Poincar e group.
In the present paper we shall change a little bit our perspective and not use constraints. The aim is to encompass also massless particles and tachyons. The underlying ideas, to be shaped in mathematical form, are the following: (A1) The con guration space is Poincar e group, G. Each point consisting of to J.Llosa components (x; ), the rst one gives the position of the particle as seen by some given inertial frame, S, and the second (i.e., the Lorentz matrix ) gives the components of a spacetime orthonormal tetrad of vectors (the \body" axes) referred to the basis of S. Within this framework coordinate transformations from one inertial frame S to another, S 0 , are represented by the left action of Poincar e group (the symmetry group of relativity) on itself (the con guration space). On the phase space T G the corresponding lift must be considered (see 1] for details). According to the principle of relativity, physical laws must be the same in all inertial frames, (A2) the dynamics of a spin particle in the phase space T G should be invariant under the above left action.
Let us now consider the right action of the element g = (a; L) 2 G of Poincar e group on any point (x; ) 2 G of con guration space.
It results in a shift of the point x in Minkowski spacetime to x + a and in a change of the \body" axes, from to L. The right space rotation does not change 0 , the time \body" axis. Were the phase space de ned by some constraints involving 0 , as it happened in 1], it would be invariant by right space rotations. Furthermore, if spherical symmetry is assumed, there is no preferred triad of body axes (i.e., all of them are dynamically equivalent). Hence, (A3) the dynamical system describing a classical spin particle should be invariant under the right action of space rotations.
The right action of a boost does change the time axis of the \body" frame, 0 , and takes the point (x; ) o the phase space (in case the latter is de ned by some constraints involving 0 ).
(A3') The right action of boosts can be used to extend, in a right invariant way, the dynamical system from the phase manifold to the whole T G.
It is necessary to stress the di erent roles assigned here to left and right actions of G. Indeed, by left action of (a; L) we change the reference frame, whereas by right action we are changing the \axes attached to the body" when L is a rotation.
In consequently with the above kinematical arguments, the dynamics of a classical spin particle will be de ned by a Hamiltonian system on T G, with its canonical symplectic structure 2], that is invariant under both actions (namely, left and right) of Poincar e group G on T G.
The present contribution could be taken as an exercise to chapter 4 in 2]. The notation and most notions used here are largely de ned and fully developed there. Sections 2 and 3 are devoted to the general study of Hamiltonian systems on the cotangent space of a Lie group which are invariant under both, the left action and the right action of the group on itself. Then the right action invariance is used to reduce the phase space. In section 4 the particular case of Poincar e group, which is relevant to relativistic spin particles, is considered and all possible dynamics are classi ed. The nal results are given in the form of Dirac constrained Hamiltonian systems ( 4]).
Hamiltonian systems on the cotangent space of a connected
Lie group G is a connected Lie group, G its Lie algebra and G its dual vector space.
Symplectic structure and group actions
T G is endowed with the canonical symplectic form 2 2 (T G), that is obtained as the di erential of the Liouville form 2 1 (T G):
The Liouville form is related to the projection map : T G ! G, by h ; X i = h ; T (X )i (2) where 2 T G, X 2 T (T G) and T is the corresponding tangent map.
We now have two actions of G on T G, namely, left translation, L g , and right translation, R g , which are de ned as the lifts to T G of the left translation and the right translation, respectively, on G:
where T L g and T R g mean the respective cotangent maps. Since both are lifts of actions of G on the con guration space G, they both 
Body coordinates
The cotangent space T G of a Lie group is a trivial bre bundle. Indeed, it admits a global chart:
that is known as body coordinates (see 2], section 4.4) evoking an obvious similitude with rigid body kinematics.
Another global chart could also be used, corresponding to the so called space coordinates, that is de ned by
However, owing to reasons that will later on become clear, throughout this paper we shall only use body coordinates. Let us now write the actions A , A=L,R, in terms of body coordinates. To this end we de ne~ A by commutatively closing the following diagram: 
In order to have an explicit expression for h B ; X (h; ) i, we split X (h; ) 2 T (h; ) (G G ) into its two components X (h; ) = (v h ; ), with v h 2 T h G and 2 T G ' G .
Then, combining (2) and (8) 
3. The reduced phase space
As we have already pointed out in section 1, left invariance and right invariance for the systems under consideration have neatly di erent meanings. Whereas left invariance has a physical interpretation in terms of relativistic invariance, right invariance has been introduced to enlarge the phase space and so to avoid the need of constraints.
We shall now consider a R invariant Hamiltonian system on G G and eliminate this`unphysical' symmetry by reducing the phase space. The techniques are those developed in 2] (section 4.3) and the method basically consists in the use of the integrals of motion associated to the latter symmetry (that are in involution with respect to Poisson brackets) to eliminate some degrees of freedom. Now, theorem 4. 3)J R ?1 ( ) = f(h; ); h 2 Gg is di eomorphic with G, and the isotropy group of , namely G = fg 2 G; ad (g) = g, acts properly and freely onJ R ?1 ( ). Hence, P G=G has a unique symplectic form, ( ) , such that:
where and i are, respectively, the canonical projection and the inclusion:
Therefore, given any 2 G we have a reduced phase space, i.e. a symplectic manifold (P ; ( ) ). 
A realization of P
Thus ? G is a realization of P .
The symplectic form on ? is obtained from ( ) by inverse pullback:
As a consequence of (15) and the fact that =^ , we have that^ ( ) is the only symplectic form on ? such that:
where = ad (h ?1 ) . 
for any h 2 G and 2 G such that = ad (h ?1 ) .
In particular, taking h = e and = , we obtain:
where Ad is the coadjoint representation of G on G .
From (19) and (23), after a little manipulation, we arrive at:
(24) Now, in order to prove that is a symplectic action, we can either use the commutativity of diagram (20), together with the de nition (19) and the uniqueness of^ ( ) , or work directly (22) 
The Poincaré group
To apply the above results to Poincar e group, it will be helpful to begin with a previous recall of some general results and notations. h = (x ; ), g = (y ; L ) denote any couple of elements in G, the Poincar e group. The group law is To nd a simple representative (a 0 ; W 0 ) for ? (a;W) , we shall use that the skewsymmetric matrix W can always be written as:
where the formulae relating E , b and to W and a depend on the class of the latter relatively to the Minkowski metric.
If a a 6 = 0, it follows obviously that: E = 1 a a W a ; = 1 a a a W ; and b = a : (43) In the case a a = 0, a lightlike vector b can be chosen such that b a = 1 and the vectors E and are given by:
In this second case the decomposition (42) is not unique. It immediately follows from (42) and (36) The di erent cases are analysed with detail in the appendices. As a summary, the several reduced phase spaces ? (a;W) are realized as the submanifolds of T (R 8 ) de ned by the constraints: 
The same comments as in appendix A also hold and the constraints are: 
